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We construct the W*-dynamical system associated with a C*-dynamical system 
which is universal in a sense. Then it follows that a closed *-derivation 6 in a 
C*-algebra A commuting with an action a of a compact group is a generator if 
D(S) 3 Aa and A is of type I and separable. 0 1988 Academic press, hc. 
1. INTRODUCTION 
For a C*-dynamical system (A, G, cc) we construct the IV*-dynamical 
system (M, G; &) which is universal in the sense that any G-covariant 
representation of A can be extended to a normal G-covariant represen- 
tation of M. The second adjoint action a** of a on the universal 
enveloping von Neumann algebra A ** is not a-weakly continuous and 
does not behave well in general. For example, if a is a one-parameter group 
such that a** is not c-weakly continuous, then there is a restriction of a** 
to some C*-subalgebra of A ** whose generator is not contained in the 
c-weak closure of the generator of a; see the Remark following 
Proposition 2. Therefore, instead of a **, the above IV*-dynamical system 
is important. 
We apply this to the generating problem of unbounded derivations 
commuting with a. 
Assume that G is compact and A is of type I and separable, and let 6 be 
a closed *-derivation in A such that 6 commutes with a and D(6) 3 A”, 
where D(6) is the domain of 8 and A” is the algebra of a-fixed points of A. 
I then follows that 6 is the generator of a strongly continuous one- 
parameter group of *- automorphisms of A. When G has a countable base 
and 6 I A” = 0, this has been proved in [3]. 
Furthermore, we shall simplify the proofs of a few results. 
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2. UNIVERSAL W*-DYNAMICAL SYSTEMS 
THEOREM 1. Let (A, G, a) be a C*-dynamical system where G is a locally 
compact group. 
Then there exist a W*-dynamical system (M, G, c1) and a *-isomorphism j 
of A into M satisfying the following statements, unique up to equivalence: 
(i) j(A) is weakly dense in M; 
(ii) j Oa,=ci,ojfor all tEG; and 
(iii) tf a *-homomorphism n of A induces a We-dynamical system 
(N, G, /?) such that b1 0 7c = rc 0 a, for all t E G and rc(A ) is weakly dense in N, 
then there exists a normal *-homomorphism 17 of M onto N such that 
Eoj=n andt!I,075=5aEC1,for all tEG. 
Proof Let M, denote the set of those 4 E A* that G 3 t H q5 OCI, is 
uniformly continuous; then the polar h4: of M, in A** is a closed 
a * *-invariant ideal of A * * and M, is isomorphic to the predual of the von 
Neumann algebra A**/Mi, denoted by M. Moreover there is an action & 
on M such that Cc,0 j= joa** for all t E G, where j denotes the canonical 
*-homomorphism of A * * onto 44. By the definition of M,, c? strongly acts 
on M, and so a-weakly acts on M. On the other hand, since 
{doa(f 1 If EL’(G), 4~A*l is norm-dense in M, and o(A*, A)-dense in 
A*, jl A is injective and further Cr,o(jl A)=(jl A)ocl, for all tEG. 
Let rc, N, and p be as in the theorem; then, since /3 strongly acts on N,, 
we have N, 0 rt t M, and so ker rr** I M”, , where z** denotes the 
canonical morphism of A** onto N associated with rc. There is therefore 
the normal *-homomorphism % of M onto N such that ilo j= jo II**, so 
that /?, o 5 = il o cl, clearly. We thus complete the proof of the theorem. 
For brevity, we call the W*-dynamical system (M, G, ~7) constructed 
above the universal W*-dynamical system associated with (A, G, a). 
EXAMPLES. (1) Let X be a separable Hilbert space, C(#) the 
C*-algebra of all compact operators on &‘, and B(X) the von Neumann 
algebra of all bounded operators on %. Let (C(X), G, a) be a 
C*-dynamical system. 
C(X)*, the trace class, is separable with respect o the strong topology, 
and hence the adjoint action a* is a strongly measurable group. Then it is 
well known in the semigroup theory that c1* is a strongly continuous group 
and hence the second adjoint action cl** on B(X) is a-weakly continuous. 
Thus (B(R), G, u**) is the universal W*-dynamical system associated with 
(C(W, G, 01). 
(2) Let 1 be the left translation on a locally compact group G and P 
a left Haar measure on G. Then the dual space of C,(G) may be identified 
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with the space of all bounded measures on G. It is easy to see that a 
bounded measure v on G is absolutely continuous with respect o p if and 
only if the mapping G3 IH ~01, is uniformly continuous. To a bounded 
measure on G which is absolutely continuous with respect o p there corre- 
sponds the p-integrable function. Therefore the universal IV*-dynamical 
system associated with (C,(G), G, J.) is equivalent to (L”(G, p), G, 1). 
PROPOSITION 2. Let (A, G, a) be a C*-dynamical system where G is 
locally compact abelian or compact. Let (M, G, a) be the universal 
W*-dynamical system associated with (A, G, a). 
If G is abelian, then A”(K) 1: A”(K)* *, as Banach spaces, and 
M”(K) = f-j A”(K+ V) 
V 
for any compact subset K of the dual 6 of G, where the bar means a-weak 
closure and V runs over all compact neighbourhoods of 0 in 6. 
If G is compact, then for any finite subset K of 6, 
W(K) = A”(K) N A”(K)**. 
Proof Assume that G is abelian, and let K be a compact subset of 6. 
For a compact neighbourhood V of 0 in 6, take a function f e L’(G) such 
that the support of the Fourier transform f is contained in K+ V and 
j\(y) = 1 on some neighbourhood of K. Then we have 
M”(K)ca(f)Mca(f)AcA”(K+ V)cMa(K+ V). 
Since n V Ma(K+ V) = M*(K), we have M*(K) = fly A”(K+ V). 
Next we show that A”(K)- A”(K)**. Identify A’(K)** with the 
a(A**, A*)-closure of A*(K); then the norm-closure B of UK’ A”(K)** is a 
C*-subalgebra of A * *, where K’ runs over all compact subsets of G. The 
second adjoint action a** uniformly continuously acts on A”(K)** and 
hence strongly continuously acts on B. Moreover (a** 1 B)( f ) = 
a( f )** 1 B for any f E L’(G) with Supp3 compact. Therefore j in 
Theorem 1 is injective on B. Since B is a P-algebra, j 1 B is isometric. 
Since the unit ball of A*(K)** is a(A **, A*)-compact, its image under j is 
a-weakly compact and hence a-weakly closed. Therefore j(A*(K)**) is 
a-weakly closed and hence coincides with A”(K). 
When G is compact, use the projection 5 CyEKdim y Tr y;‘a, dt onto 
M”(K), instead of a( f ). Then we can obtain the conclusion in the 
proposition analogously. 
Remark. Let a be a strongly continuous one-parameter group of 
*-automorphisms of a C*-algebra A, and 6 its generator. Let C be the 
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C*-subalgebra of the second dual A * * of a E A ** such that G 3 t H a:*a is 
uniformly continuous, and let B be the C*-subalgebra in the proof of 
Proposition 2. Let j be the *-isomorphism in Theorem 1 and let e be the 
central projection such that ker j = A * * e; then e belongs to the domain of 
the generator 6’ of the restriction a** ) C and 6’(e) = 0. On the other hand, 
(e, 0) does not belong to the a-weak closure of 6 in A ** @ A ** whenever 
e # 0; see the proof of [S, Proposition 43. If, therefore, a** is not a-weakly 
continuous, then 6’ is not contained in the a-weak closure of 6 in A** and 
C # B. 
When G is abelian, the following was proved by Bratteli and Kishimoto 
[ 1 ] in a different form. 
LEMMA 3. Let G be a locally compact group and a an action of G on a 
C*-algebra A. Let (M, G, a) be the universal W*-dynamical system 
associated with (A, G, a) and we may regard A c M. 
Let 6 be a *-derivation in A commuting with a. 
Assume that (1 &- 6) D(6) are o-weakly dense in M and 
I[( 1 + &5)(a)ll B [lull for any a E D(6) and I E R. 
Then 6 generates a strongly continuous one-parameter group of 
*-automorphisms of A. 
In particular, if 6 generates a o-weakly continuous one-parameter group of 
*-automorphisms of M, then the conclusion holds. 
Proof: It suffices to show that (1 f 6) D(6) are uniformly dense in A. 
Since 6 is uniformly closable in A, we may assume that 6 is uniformly 
closed in A and commutes with a. If 4 E A* and 4 0 (1 + 6) = 0, then we 
have 
for any f E L’(G). Since 4 0 a( f ) E M, and (1 + 6) D(6) is a-weakly dense 
in M, we have 4oa(f)=O for any fEL’(G), and hence 4=0. Thus 
(1 + 6) D(6) is uniformly dense in A and also is (1 - 6) D(6) similarly. 
The following has been proved in [2] originally but is an immediate 
consequence of Lemma 3 and [4, Appendix] or Cl]. 
COROLLARY 4 [ 2, Theorem 1.41. Let G be a compact abelian group and 
a an action of G on a F-algebra A. Let 6 be a closed *-derivation in A 
commuting with a. 
If D(6) 3 A”, then 6 is a generator. 
Proof. Let (M, G, a) be the universal W*-dynamical system associated 
with (A, G, a). Since 6 ) Aa is an everywhere defined derivation in A”, there 
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is a self-adjoint element h E A”= Ma such that 6(a) = i[h, a] for all a E A”. 
Denote by Bi,, the *-derivation on M implemented by ih; then 
(6 - 6,) ( A” = 0 and 6 - di,, commutes with a. Hence 6 -Jib is a-weakly 
closable because 4 0 (6 - 6,) = 0 for all normal G-invariant state 4 on M. 
Let 6’ denote the a-weak closure of 6 -Bib, so that 6’ commutes with a 
and 6’ 1 M” = 0. It therefore follows from [4, Appendix] or [l] that 
S’ is a generator in M and the a-weak closure of 6 is a generator also. 
Consequently, by Lemma 3, 6 is a generator in A. 
Recall that, in a C*-dynamical system (A, G, a), a state 4 on A, is said to 
be G-centrally ergodic if Q(A)” n n,(A)’ n U,$’ = Cl, where {Q, U,} 
denotes the G-covariant representation associated with 4. 
LEMMA 5. Let a be an action of a compact group G on a separable 
C*-algebra A and let 6 be a closed *-derivation in A commuting with a and 
satisfying D(6) 3 A”. 
Assume that, for any G-centrally ergodic state on A, 6 generates a 
a-weakly continuous one-parameter group in the associated representation. 
Then 6 generates a strongly continuous one-parameter group of 
*-automorphisms of A. 
Proof: Let (M, G, a) be the universal W*-dynamical system associated 
with (A, G, a). Let 2” be the fixed point algebra of the center of ikf, and e a 
nonzero projection of Z”. Then there is a normal state 4 on M with 
(e, I$) # 0. j +6 0a, dt is a G-invariant normal state on M and 
(e,jqSoa,dt)=(e,$)#O. Th ere ore, f by Zorn’s lemma, there exists a 
family (4,) of G-invariant states on A such that the sum of the support 
projections of x)1 is the identity, so that ME @, ?L~,(A)“. On the other 
hand, as seen in the proof of Corollary 4, (S- 6,) 1 Ma = 0 for some h E M, 
and hence we have 8 1 Z” = 0, where 6 denotes the o-weak closure of 
6 in M. 
Let $ be a G-invariant state on A. We shall show that 
Ilnb((l + ~~)(a))11 2 Il~@)ll for any a E D(6) and IER, and 
nJ( 1 + 6) D(6)) are a-weakly dense in n,(A)“. Then it follows from the 
above discussion that I[(1 + M)(a)11 2 IJaIl for any a~D(6) and 1~ Iw, and 
(1+ 6) D(6) are a-weakly dense in M, which imply, by Lemma 3, that 6 is 
a generator in A. 
We may assume without loss of generality that A has an identity. 
Let p be a subcentral measure associated with Q(A)” n QA)‘n U&‘, 
where (n,, U”) denotes the G-covariant representation associated with 4. ~1 
is supported by the set of G-invariant states on A and, since A is separable, 
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where (rt$,, U”, Sti) denotes the G-covariant representation associated with 
the G-invariant state II/. Moreover, p-almost all + are G-centrally ergodic. 
For 
(7r,(A)“n7c4(A)‘n U$‘)‘= (x,(A)‘u 7rJA)u U$)“=/@ dp($) B(S+), 
and hence (ati(A)‘u x,(A)u Us)” = B(##) for p-almost all (I/, that is, 
$(A)” n n*(A) n Ub’= Q: 1 for p-almost all +. By the assumption, for 
p-almost all *, 
lb~1((1 + W(a))ll 2 Il~J~)ll for all UED(~) and 1~ [w 
and ~((1 f 6) D(6)) are a-weakly dense in x,(A)“. Therefore, for all 
a E D(6) and 1 E R, we have 
b6((1 + ~S)(~))ll =ess sup ll~L((l + Wa))ll 2 ess sup Il7da)ll 
= IlQm 
Assume that (rr,( (1 + 6) D(s)), f ) = 0 for a normal form f on rc,J,)“. f 
is decomposable with f = j@ d,u($) f($). For any a E D(6) and z E Z”, we 
have z( 1 +6)(u) = (1 + &(~a). Therefore, for any a ED(~) and 
z = t4vw$b E qz=)Y 
Since n@(Z’) = KJA)~ n n,(A)‘n Us’ N L”(p), (nti((l +6)(u)), f(e)) =0 
for p-almost all $, but, since 6 has a separable core, 
(~((1 + 6) D(6)), f(tj)) =0 for p-almost all $. Hence f($) =0 for 
p-almost all $, and so f= 0. Therefore it follows that n&(1 + 6) D(6)) is 
a-weakly dense in no(,)” and also is n4( (1 - 6) D(6)). We thus complete 
the proof of the theorem. 
Let 4 be a G-centrally ergodic state on A. Let Q be a compact space such 
that C(8) is isomorphic to the C*-algebra of those elements x of the center 
of a,+(A)” such that ? H CI,X is norm-continuous; then, since 4 induces the 
measure on IR whose support is Q, the center of rrd(A)” is isomorphic to 
L”(Q). Moreover, G acts on a continuously and ergodically, and hence an 
orbit Go is compact, so that Go = Q. If H is the stabilizer of w, then Q is 
homeomorphic to G/H as left translations. Therefore it follows from the 
imprimitivity theorem [6, Theorem 10.51 that the W*-dynamical system 
associated with 4 is equivalent to an induced system. 
This discussion and Lemma 5 imply the following. 
UNIVERSAL W*-DYNAMICAL SYSTEM 7 
THEOREM 6. Let c1 be an action of a compact group G on a C*-algebra A 
and let 6 be a closed *-derivation in A commuting with a. 
If A is of type Z and separable, and D(6) I> A”, then 6 is a generator. 
Proof. By Lemma 5 it suflices to show that any a-weakly closed 
*-derivation 6’ in a von Neumann algebra M commuting with u is a 
generator in M if M is of type I, a ergodically acts on the center 2 of M, 
and 6’ 1 M” =O. 
Since c( ergodically acts on Z, it follows that Z N L”(G/H) and c1 acts on 
L”(G/H) as left translations for some closed subgroup H of G. By the 
imprimitivity theorem [6, Theorem 10.51 we have {M, CC} Y IndG,{N, /I) 
for some type I factor N and action b of H on N, and so we may assume 
that M= (NO L”(G))B@‘” and a=z@l, where p,f(u)=f(us) and 
J.,f(u)=f(tP1s)forfELm(G),sEH,and t,uEG,andrdenotesthetrivial 
action of G on N. 
We shall show that there exists an increasing directed family (e,) of 
p-invariant finite-dimensional projections of N which strongly converges to 
the identity. Denote by U the set of those u E N that there is an element 
s E H such that uxu* = PJx) for all x E N; then U is a group of unitaries, 
because uu* = /I,( 1) = 1 and 1 = uu*uu* = fls(u*u). Moreover U is strongly 
compact and hence is a topological group. In fact, the function u H uxu* is 
weakly continuous on the unit ball of N for any x of rank 1 and hence for 
any compact operator x, i.e., the function u c, u. u* from the unit ball of N 
into the space of weakly continuous linear mappings in N is continuous 
with respect o the weak topology on the unit ball of N and the topology of 
pointwise weak convergence in the * -subalgebra of all compact operators. 
bH is compact with respect o the topology of pointwise weak convergence 
in N and the topology of pointwise weak convergence in the *-subalgebra 
of all compact operators. Therefore U = {u 1 u . u* E /I,} is weakly compact 
and hence strongly compact, because the weak topology and strong 
topology on the group of unitaries coincide. The strongly continuous 
unitary representation u ++ u of the compact group U can be decomposed 
in irreducible (finite-dimensional) representations and therefore there is an 
orthogonal family (e:) of finite-dimensional projections of N such that 
u = C ue: and ue:u* = e: for all u E U. There is thus an increasing directed 
family (e,) of p-invariant finite-dimensional projections of N which strongly 
converges to the identity. 
Now, since e,@ 1 E Ma, the restriction 6’ ) (e,6 1) M(e, @ 1) is a 
o-weakly closed *-derivation in (e, @ 1) M(e, @ 1) satisfying the same 
properties as 6’. Since /?,@p, and ~1, commute, ((e,@ 1) M(e,@ 1))” 
(y) = (e,Ne,OL”(G)” (y)) nM for any 7~6 and so they are finite 
dimensional. It therefore follows that 6’ 1 (e,@ 1) M(e,@ 1) is a generator 
in (e,O 1) M(e,O l), so that (1 +U’)((e,@ 1) D(K)(e,@ l))= (e,O 1) 
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We, 8 1) and IIf1 + loll 2 llxll f or any x E (e, 6311) D(6’)(e, @I 1) and 
1~ lR\ (0). Since u, (e,@ 1) M(e,@ 1) is a weakly dense *-subalgebra of 
M, it follows from the o-weak closability of 6’ and Kaplansky’s density 
theorem that (1 + A?‘) II(S’) = A4 and !I( 1 + AS’)(x)lj 2 ((x(1 for any 
x~D(6’) and AER\{O}, so that 6’ is a generator in M. We thus complete 
the proof of the theorem. 
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